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Curvature on the Volume Element Preserving
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Abstract
In this paper,we obtain two results on closed Reimainnian manifold M ×
[0, T ].When T is small enough,to any prescribed scalar curvature, the exis-
tence and uniqueness of metrics are obtained on the volume element pre-
serving deformation.When T is large and the given scalar curvature is small
enough,the same result holds.
1 Introduction
This article concerns the following question:Suppose (M, g), (N, h) are
m-dimension and n-dimension Riemainnian manifolds,on which g, h are cor-
responded metrics.Then g+h is a metric onM×N .(Here, (g+h)(XP , YP ) =
g((X1)P , (Y1)P )+h((X2)P , (Y2)P ), XP = (X1)P +(X2)P , YP = (Y1)P +(Y2)P ,
XP , YP are tangent vectors on M × N at point P .They can be decomposed
into (X1)P , (Y1)P and (X2)P , (Y2)P , which are tangent vectors on M and
N .)The author considers a class of metric deformation: in fact, one can
construct a metric K on M × N ,such that K = ρng + ρ−mh,here ρ is a
smooth enough positive function defined on M × N . Obvious, det(K) =
det(ρng)det(ρ−mh) = det(g)det(h) = det(g + h), then the volume forms of
g + h and K are same at every point.So we call this deformation as the vol-
ume element preserving deformation. And the question is that with what
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condition, a smooth enough function R˜ defined on M ×N can be viewed as
the scalar curvature of this kind of metrics K.
This question can induce a partial differential equation namely,
R˜ = ρ−nRg + ρ
mRh + ρ
−n△glnρn + ρm△hlnρ−m
−n
4
(nm+ 2n +m2)ρ−n|∇glnρ|2g
−m
4
(nm+ 2m+ n2)ρm|∇hlnρ|2h (1.1)
It is too complicated,the author only study this equation when n = 1.Do a
transformation, this equation becomes,
R˜ = e−2uRg + 2e
−2u△u− 2me2mu∂
2u
∂t2
−(m2 +m+ 2)e−2u|∇u|2 −m(3m+ 1)e2muu2t (1.2)
It is a degenerate quasi-linear hyperbolic equation.
This article is composed by 5 sections.In section 2,the author introduces
the notations of some spaces and corresponded norms, refers some Lemmas
which are useful to the rest part of this paper.Section 3 gives the details
to obtain equation (1.1),(1.2) from the above proposed question.In section
4,using the energy estimate,the prior estimate of equation(1.2) obtained on
M × I,here I = [0, T ] is a interval of length T .Section 5 studies the linear
equation of the following form:
∂2u
∂t2
+a(x, t)
∂u
∂t
− (α(x, t)△u+ < ∇β(x, t),∇u > +γ(x, t)u) = f(x, t) (1.3)
Using the estimate of section 4 and Banach contraction principle, the last
section gives two results.
In a word,the paper mainly obtains the following two theorems.
Theorem 1.1 Suppose (M, g) be m-dimensional closed Riemainnian man-
ifold, I = [0, T ] be a interval of length T with standard Euclidean metric h,
and R˜ ∈ C∞(M × I).To any integer k > m
2
+3,exist 0 < t0 ≤ T , then exist a
unique volume element preserving deformation e2ug + e−2muh such that the
scalar curvature of this metric is R˜ onM×[0, t0].Here, u ∈ Ck(M×[0, t0]),and
satisfies u(x, 0) = ϕ(x), ut(x, 0) = ψ(x) and ϕ(x), ψ(x) ∈ C∞(M) are two
prescribed functions.And t0 relates to manifold M, k, R˜, ϕ, ψ.
2
Theorem 1.2 Suppose (M, g) be m-dimensional closed Riemainnian man-
ifold which is scalar curvature flat Rg = 0.And I = [0, T ] be a interval of
length T with standard Euclidean metric h, and R˜ ∈ C∞(M × I).To any in-
teger k > m
2
+ 3,exist ε > 0,and when ‖R˜‖
H[
m
2 +k](M)
≤ ε then exist a unique
volume element preserving deformation such that the scalar curvature of the
metric e2ug + e−2muh is R˜ on M × I.Here, u ∈ Ck(M × I),and u satisfies
u(x, 0) = 0, ut(x, 0) = 0 ,and ε only relates to manifold M, k, I.
Remark 1.3 Here,closed manifold means compact oriented and without
boundary manifold.
At last ,the author should thank to his supervisor Professor Huang Xu-
anguo.This question is proposed originally by him.And he induced the cor-
respond equation in some special cases.The section 3 is the generalize of
his computation.He carefully checks my paper,and gives me much valuable
suggestion.This paper can not be completed without his continual encour-
agement.And the author also wants to thank to his classmates:Du Yi,Hu
Junqi,Yang Yongfu.They give me a lot of help during the paper finished.
2 Preliminary
Suppose (M, g) be a closed m-dimensional Riemainnian manifold. {xi}mi=1
is its local coordinate.(gij) is the inverse matrix of (gij). Let u be a smooth
enough function on M . Using ∇is∇is−1 · · ·∇i1u as u’s the s-order covari-
ant derivation,here ∇ the Levi-Civita connection to g.We use the following
notations:
|∇su|2g =
m∑
i1,··· ,is;j1,··· ,js=1
(gi1j1 · · · gisjs)(∇is · · ·∇i1u)(∇js · · ·∇j1u);
‖u‖Lp(M) = (
∫
M
|u|pdVg)1/p; ‖∇su‖Lp(M) = (
∫
M
|∇su|pgdVg)1/p;
‖u‖W s,p(M) = (
s∑
j=0
‖∇ju‖pLp(M))1/p; ‖u‖C0(M) = maxM |u|;
‖∇ku‖C0(M) = maxM |∇ku|g; ‖u‖Ck(M) = (
k∑
j=0
‖∇ju‖2C0(M))1/2 (2.1)
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here,1 ≤ p, s, k <∞.Denote W s,p(M), Ck(M) as the Banach space with the
corresponded norms.Especially,denote Hs(M) as W s,2(M).
Let I = [0, T ] be a interval of length T ,with the metric h and the arch
length coordinate {t}.Then on M × I one can choose a local coordinate
{xi}m+1i=1 where xm+1 = t.Then direct computation shows ΓCAB = 0, RDABC =
0,if some of A,B,C,D ∈ {1, · · · , m+1} arem+1.Here, Γ, R are the christoffel
symbol and curvature operator of product metric g¯ := g+h.Using this result
and Ricci identity, one can finds,to any smooth enough (r, s) tensor field A
on M × I which has the form in local A = ∑mi1,··· ,ir;j1,··· ,js=1Ai1···irj1···js(x, t) ∂∂xi1 ⊗
· · ·⊗ ∂
∂xir
⊗ dxj1 ⊗· · ·⊗ dxjs , ∇¯iAi1···irj1···js = ∇iAi1···irj1···js, ∇¯ ∂∂tA
i1···ir
j1···js
= ∂
∂t
Ai1···irj1···js, i ∈
{1, · · · , m},and
∂
∂t
∇lAi1···irj1···js = ∇l
∂
∂t
Ai1···irj1···js (2.2)
here,∇¯ is the corresponded connection of g¯.Then we introduce the following
norms:
‖∂kt u‖Lp([0,t],W s,q(M)) = ‖‖∇¯k∂
∂t
u‖W s,q(M)‖Lp[0,t] = ‖‖∂ku∂tk ‖W s,q(M)‖Lp[0,t]
‖u‖W k,p([0,t],W s,q(M)) = (
∑k
i=0 ‖∂itu‖pLp([0,t],W s,q(M)))1/p
‖u‖Ck([0,t],Cs(M)) = (
∑k
i=0 ‖‖∂itu‖2Cs(M)‖C0[0,t])1/2 (2.3)
and the space Lp([0, t],W s,q(M)) is the completion of the C∞(M×[0, t]) with
this norm,0 ≤ k, s < ∞, 1 ≤ p ≤ ∞, 1 ≤ q < ∞, here u is a smooth enough
function on M × I and 0 < t ≤ T . It is weakly star compact.
The following three Lemmas are classical in partial differential equa-
tion,we refer [Ho¨rmander] p106-108 [Nirenberg] and [Zheng] p10-11,p186-187
for the detail proof.
Lemma 2.1(Galiardo-Nirenberg Inequality) Let j, n ∈ Z and 0 ≤ j < n.
Let 1 ≤ q, r ≤ +∞, p ∈ R, j
n
≤ a ≤ 1,such that 1
p
− j
m
= a(1
r
− n
m
)+(1−a)1
q
.For
any u ∈ W n,r(Rm)⋂Lq(Rm),there is a positive constant C depending on
n,m, j, q, r, a such that
‖∇ju‖Lp(Rm) ≤ C‖∇nu‖aLr(Rm)‖u‖1−aLq(Rm) (2.4)
with a exception:if 1 < r < ∞, n − j − m
r
is a nonnegative integer then the
inequality hold only j
n
≤ a < 1.
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Lemma 2.2 suppose 1
r
= 1
p
+ 1
q
, 1 ≤ r, p, q ≤ ∞,and suppose that all
norms appearing what follows are bounded.Then for any integer s ≥ 0,one
has
‖∇s(fg)‖Lr(Rm) ≤ C(‖f‖Lp(Rm)‖∇sg‖Lq(Rm) + ‖∇sf‖Lq(Rm)‖g‖Lp(Rm))
(2.5)
here C is not depend on f, g.
Lemma 2.3 Suppose F : R1 7−→ R1 is a smooth function satisfies F (0) =
0.For any integer s ≥ 0,if for w ∈ W s,p(Rm), 1 ≤ p ≤ ∞ and ‖w‖L∞(Rm) ≤
ν0,then F (w) ∈ W s,p(Rm) and
‖F (w)‖W s,p(Rm) ≤ C‖F‖Cs([−ν0,ν0])(1 + ‖w‖sL∞(Rm))‖w‖W s,p(Rm) (2.6)
here,C is not depend on F,w.
Corollary 2.4 On a closed Reimainnian manifold (M, g),replace Rm byM
in the hypothesis of Lemma 2.1-2.3, then the corresponded result becomes:
(1) ‖∇ju‖Lp(M) ≤ C‖u‖aWn,r(M)‖u‖1−aLq(M)
(2) ‖∇s(fg)‖Lr(M) ≤ C(‖f‖Lp(M)‖g‖W s,q(M) + ‖f‖W s,q(M)‖g‖Lp(M))
‖∇s < ∇f,∇g >g ‖Lr(M) ≤ C(‖f‖W 1,p(M)‖g‖W s+1,q(M)
+‖f‖W s+1,q(M)‖g‖W 1,p(M))
(3) ‖F (w)‖W s,p(M) ≤ C‖F‖Cs([−ν0,ν0])(1 + ‖w‖sC0(M))‖w‖W s,p(M) (2.7)
here C also relates manifold M .
Convention 2.5 Here, W k,∞(M) which appears in the above understood
as Ck(M),namely ‖ · ‖W k,∞(M) = ‖ · ‖Ck(M).
Proof of Corollary 2.4 The proof of (1)(2) are similar,we only prove
(1).Since M is compact,M has finite partition of unit,namely {(Ui, ϕi)}Ni=1,∑N
i=1 ϕi = 1, ϕ ≥ 0, ϕi ∈ C∞(M), suppϕi ⊂ Ui.Since
‖ϕiu‖Wn,r(Ui) ≤ C(
n∑
l=0
l∑
k=0
‖∇ku‖rLr(Ui))1/r
≤ C(
n∑
k=0
‖∇ku‖rLr(Ui))1/r
≤ C‖u‖Wn,r(M) (2.8)
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by Lemma 2.1 and the norm equivalence on Ui,namely ‖ · ‖W s,p(Ui) with the
metric g equivalence to ‖ · ‖W s,p(Ui) with the standard Euclidean metric.One
has
‖∇j(ϕiu)‖Lp(Ui) ≤ C‖ϕiu‖aWn,r(Ui)‖ϕiu‖1−aLq(Ui) (2.9)
therefoce,using (2.8)(2.9),
‖∇ju‖Lp(M) ≤
N∑
i=1
‖∇j(ϕiu)‖Lp(Ui)
≤ C
N∑
i=1
‖u‖aWn,r(M)‖u‖1−aLq(M)
≤ C‖u‖aWn,r(M)‖u‖1−aLq(M) (2.10)
This gives the result.To (3) the proof is similar to Lemma 2.3 since (1) is right.
Remark 2.6 If the hypothesis of Corollary 2.4(1) becomes 1 ≤ j ≤ n, 1 ≤
q, r ≤ ∞, p ∈ R, j−1
n−1
≤ a ≤ 1, 1
p
− j−1
m
= a(1
r
− n−1
m
) + (1− a)1
q
, then (2.7)(1)
becomes,
‖∇ju‖Lp(M) ≤ C‖u‖aWn,r(M)‖u‖1−aW 1,q(M) (2.11)
and with the similar exception:if 1 < r < ∞, n − j − m
r
is a nonnegative
integer then the inequality hold only j−1
n−1
≤ a < 1.
At last,we refer the following Lemma which is need in section 5.The detail
proof can be found in [Zheng] chapter 3 p103.
Lemma 2.7 Let B,B∗ be both Banach space, and B is the dual of
B∗.Suppose 1 < p ≤ ∞ and un −→ u weakly star in Lp([0, t], B),u′n −→ u′
weakly star in Lp([0, t], B),then un(0) −→ u(0) weakly star in B.Here,u′n, u′
are the derivation in the meaning of distribution(or current).
3 Induced Equation
The hypothesis of (M, g), (N, h), ρ as in section 1, Σ = M ×N ,then g+ h
is the product metric on Σ.Then one can construct a new metric K = ρng+
6
ρ−mh.To some point P ,let {xi}mi=1 and {yα}m+nα=m+1 be the normal coordinate
on (M, g) and (N, h),we conserve that i, j, k, · · · ∈ {1 · · ·m}, α, β, γ, · · · ∈
{m+ 1 · · ·m+ n} and A,B,C, · · · ∈ {1, · · · , m+ n}.So,
gij(P ) = δij ; Γ
k
ij(P ) = 0; hαβ(P ) = δαβ ; Γ
γ
αβ(P ) = 0 (3.1)
with this coordinate,
Kij = ρ
ngij;Kαβ = ρ
−mhαβ ;Kiα = 0 (3.2)
Denote (gij), (hαβ), (KAB) the inverse matrix of (gij), (hαβ), (KAB) respec-
tively.And denote Γ˜ABC ,Γ
k
ij,Γ
γ
αβ the christoffel symbols to K, g, h respectively.
At point P ,
Γ˜ABC =
1
2
(
∂KAC
∂xB
+
∂KBC
∂xA
− ∂KAB
∂xC
) (3.3)
Γ˜ijk =
1
2
(
∂Kik
∂xj
+
∂Kjk
∂xi
− ∂Kij
∂xk
)
= ρnΓijk +
1
2
(
∂ρn
∂xj
gik +
∂ρn
∂xi
gjk − ∂ρ
n
∂xk
gij) (3.4)
then,at point P ,
Γ˜kij =
m∑
l=1
KklΓ˜ijl = ρ
−n
m∑
l=1
gklΓ˜ijl
= Γkij +
1
2
(
∂lnρn
∂xj
δik +
∂lnρn
∂xi
δjk −
m∑
l=1
∂lnρn
∂xl
gijg
kl) (3.5)
Γ˜ijα =
1
2
(−∂Kij
∂yα
) = −1
2
∂ρn
∂yα
gij (3.6)
Γ˜αij =
m+n∑
β=m+1
KαβΓ˜ijβ = ρ
m
m+n∑
β=m+1
hαβ(−1
2
∂ρn
∂yβ
)gij (3.7)
Γ˜αjk =
1
2
∂Kjk
∂yα
=
1
2
∂ρn
∂yα
gjk (3.8)
Γ˜kαj =
m∑
l=1
KklΓ˜αjl =
1
2
∂lnρn
∂yα
δjk (3.9)
Γ˜iβγ =
1
2
∂Kβγ
∂xi
=
1
2
∂ρ−m
∂xi
hβγ (3.10)
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Γ˜γiβ =
m+n∑
δ=m+1
KγδΓ˜iβδ =
1
2
∂lnρ−m
∂xi
δγβ (3.11)
Γ˜γαβ = Γ
γ
αβ +
1
2
(
∂lnρ−m
∂yβ
δαγ +
∂lnρ−m
∂yα
δβγ −
m+n∑
δ=m+1
∂lnρ−m
∂yδ
hαβh
γδ)
(3.12)
Γ˜αβk =
1
2
(−∂Kαβ
∂xk
) = −1
2
∂ρ−m
∂xk
hαβ (3.13)
Γ˜kαβ =
m∑
l=1
KklΓαβl = ρ
−n
m∑
l=1
gkl(−1
2
∂ρ−m
∂xl
)hαβ (3.14)
Using (3.5) and (3.11),at point P ,
m+n∑
A=1
Γ˜AiA =
m∑
k=1
Γ˜kik +
m+n∑
β=m+1
Γ˜βiβ
=
m∑
k=1
Γkik +
1
2
(
∂lnρn
∂xi
+m
∂lnρn
∂xi
− ∂lnρ
n
∂xi
) +
n
2
∂lnρ−m
∂xi
=
m∑
k=1
Γkik = 0 (3.15)
Similar,by (3.9) and (3.12),at point P ,
m+1∑
A=1
Γ˜AαA =
m+n∑
β=m+1
Γβαβ = 0 (3.16)
In what follows,compute the Ricci curvature of point P .Denote R˜AB, Rij, Rαβ
the Ricci curvature of K, g, h,
R˜AB =
m+n∑
C=1
∂Γ˜CAB
∂xC
−
m+n∑
C=1
∂Γ˜CAC
∂xB
+
m+n∑
C,D=1
Γ˜DABΓ˜
C
DC −
m+n∑
C,D=1
Γ˜DACΓ˜
C
BD (3.17)
First,compute R˜ij,by (3.5),(3.7),at point P ,
m+n∑
C=1
∂Γ˜Cij
∂xC
=
m∑
k=1
∂Γ˜kij
∂xk
+
m+n∑
α=m+1
∂Γ˜αij
∂yα
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=
m∑
k=1
∂Γkij
∂xk
+
∂2lnρn
∂xi∂xj
− 1
2
gij△glnρn
+
m+n∑
α,γ=m+1
(−1
2
hαγgij)(
∂ρm+n
∂yα
∂lnρn
∂yγ
+ ρm+n
∂2lnρn
∂yα∂yγ
)
=
k∑
k=1
∂Γkij
∂xk
+
∂2lnρn
∂xi∂xj
− 1
2
gij△glnρn − 1
2
gijρ
m+n△hlnρn
−1
2
gij < ∇hρm+n,∇hlnρn >h (3.18)
Here,denote △g,△h the Beltrami-Laplace operators to (M, g), (N, h) respec-
tively.Use ∇g,∇h as the covariant derivation to M,N ,and < ·, · >g, < ·, · >h
as the metric g, h.And using (3.15),
m+n∑
C=1
∂Γ˜CiC
∂xj
=
m∑
k=1
∂Γkik
∂xj
(3.19)
By (3.15) and (3.16),at point P ,
m+n∑
C,D=1
Γ˜Dij Γ˜
C
DC =
m∑
k=1
m+n∑
C=1
Γ˜kijΓ˜
C
kC +
m+n∑
α=m+1
m+n∑
C=1
Γ˜αijΓ˜
C
αC = 0 (3.20)
m+n∑
C,D=1
Γ˜DiCΓ˜
C
jD =
m∑
k,l=1
Γ˜kilΓ˜
l
jk +
m∑
l=1
m+n∑
α=m+1
Γ˜αilΓ˜
l
jα +
m∑
k=1
m+n∑
α=m+1
Γ˜kiαΓ˜
α
jk
+
m+n∑
α,β=m+1
Γ˜βiαΓ˜
α
jβ (3.21)
Using (3.5),at point P one has,
m∑
k,l=1
Γ˜kilΓ˜
l
jk =
m∑
k,l=1
1
2
(
∂lnρn
∂xi
δlk +
∂lnρn
∂xl
δik −
m∑
s=1
∂lnρn
∂xs
δskδil)×
1
2
(
∂lnρn
∂xj
δkl +
∂lnρn
∂xk
δjl −
m∑
t=1
∂lnρn
∂xt
δtlδjk)
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=
1
4
m∑
k,l=1
[
∂lnρn
∂xi
∂lnρn
∂xj
δklδkl +
∂lnρn
∂xl
∂lnρn
∂xj
δikδkl − ∂lnρ
n
∂xk
∂lnρn
∂xj
δilδkl
+
∂lnρn
∂xi
∂lnρn
∂xk
δlkδjl +
∂lnρn
∂xl
∂lnρn
∂xk
δikδjl − ∂lnρ
n
∂xk
∂lnρn
∂xk
δilδjl
−∂lnρ
n
∂xl
∂lnρn
∂xi
δlkδjk − ∂lnρ
n
∂xl
∂lnρn
∂xl
δikδjk +
∂lnρn
∂xk
∂lnρn
∂xl
δilδjk]
=
1
4
[(m+ 2)
∂lnρn
∂xi
∂lnρn
∂xj
− 2|∇glnρn|2gδij] (3.22)
Here,to a smooth enough function u, |∇gu|2g =
∑m
i,j=1 g
ij∇iu∇ju.Using (3.7)
and (3.9),at point P ,
m∑
l=1
m+n∑
α=m+1
Γ˜αilΓ˜
l
jα =
m∑
l=1
m+n∑
α,β=m+1
ρmhαβ(−1
2
)
∂ρn
∂yβ
gil
1
2
δjl
∂lnρn
∂yα
= −1
4
ρm+nδij |∇hlnρn|2h (3.23)
Here,|∇hu|2h =
∑m+n
α,β=m+1 h
αβ∇αu∇βu,so,at point P ,
m∑
k=1
m+n∑
α=m+1
Γ˜kiαΓ˜
α
jk = −
1
4
ρm+nδij |∇hlnρn|2h (3.24)
By (3.11),at point P ,
m+n∑
α,β=m+1
Γ˜βiαΓ˜
α
jβ =
m+n∑
α,β=m+1
1
2
δαβ
∂lnρ−m
∂xi
1
2
δαβ
∂lnρ−m
∂xj
=
n
4
∂lnρ−m
∂xi
∂lnρ−m
∂xj
(3.25)
Insert (3.22)-(3.25) to (3.21),at point P ,
m+n∑
C,D=1
Γ˜DiC Γ˜
C
jD =
1
4
{(m+ 2)∂lnρ
n
∂xi
∂lnρn
∂xj
− 2|∇glnρn|2gδij
−2ρm+nδij|∇hlnρn|2h + n
∂lnρ−m
∂xi
∂lnρ−m
∂xj
}
=
1
4
{n(nm+ 2n+m2)∂lnρ
∂xi
∂lnρ
∂xj
− 2|∇glnρn|2gδij
−2ρm+n|∇hlnρn|2hδij} (3.26)
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By (3.17)-(3.20) and (3.26),at point P ,
R˜ij =
m∑
k=1
∂Γkij
∂xk
−
m∑
k=1
∂Γkik
∂xj
+
∂2lnρn
∂xi∂xj
− 1
2
gij△glnρn − 1
2
gijρ
m+n△hlnρn
−1
2
gij < ∇hρm+n,∇hlnρn >h −1
4
{n(nm+ 2n+m2)∂lnρ
∂xi
∂lnρ
∂xj
−2|∇glnρn|2gδij − 2ρm+n|∇hlnρn|2hδij}
= Rij +
∂2lnρn
∂xi∂xj
− 1
2
gij△glnρn − 1
2
gijρ
m+n△hlnρn
−m+ n
2
gijρ
m+nn|∇hlnρ|2h −
1
4
n(nm+ 2n+m2)
∂lnρ
∂xi
∂lnρ
∂xj
+
n2
2
|∇glnρ|2gδij +
n2
2
|∇hlnρ|2hδijρm+n (3.27)
Using (3.2) and (3.27),at point P one has,
m∑
i,j=1
KijR˜ij = ρ
−nRg + ρ
−n△glnρn − m
2
ρ−n△glnρn − m
2
ρm△hlnρn
−mn
2
mρm|∇hlnρ|2h −
n
4
ρ−n(nm+ 2n+m2)|∇glnρ|2g
+
mn2
2
|∇glnρ|2gρ−n
= ρ−nRg +
2−m
2
ρ−n△glnρn − m
2
ρm△hlnρn
−n
4
(−nm+ 2n +m2)ρ−n|∇glnρ|2g
−m
2n
2
ρm|∇hlnρ|2h (3.28)
Here,Rg, Rh denote the scalar curvature of (M, g), (N, h).Since the position
of g and h are symmetry,interchange g and h,ρ and ρ−1,m and n of (3.28) at
point P ,one has,
m+n∑
α,β=m+1
KαβR˜αβ = ρ
mRh +
2− n
2
(△hlnρ−m)ρm − n
2
ρ−n△glnρ−m
−m
4
(−nm+ 2m+ n2)ρm|∇hlnρ|2h
−n
2m
2
ρ−n|∇glnρ|2g (3.29)
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Take R˜ as the scalar curvature of (Σ, K),then at point P ,by (3.28),(3.29) and
R˜ =
m∑
i,j=1
KijR˜ij +
m+n∑
α,β=m+1
KαβR˜αβ (3.30)
one has (1.1),and let ρ = e2u, where u is a smooth enough function on Σ.Then
one has,
R˜ = e−2nuRg + e
2muRh + 2ne
−2nu△gu− 2me2mu△hu
−n(nm + 2n+m2)e−2nu|∇gu|2g
−m(nm + 2m+ n2)e2mu|∇hu|2h (3.31)
Since,the left and right hand sides of the above equation both are not de-
pended on the choice of local coordinates on Σ,then it is a equation on man-
ifold.If n = 1,simplify it,then one obtains
R˜ = e−2uRg + e
2muRh + 2e
−2u△gu− 2me2mu△hu
−(m2 +m+ 2)e−2u|∇gu|2g −m(3m+ 1)e2mu|∇hu|2h (3.32)
Since n = 1, N becomes a curve.Suppose t be N ’s arch length parameter,then
write u as u(x, t).So with this parameter,one has,
h(
∂
∂t
,
∂
∂t
) = 1;△hu = ∂
2u
∂t2
;∇hu = ∂u
∂t
;Rh = 0 (3.33)
By (3.32)(3.33),one obtains (1.2).Here,we take the conservation that △ =
△g,∇u = ∇gu, |∇u|2 = |∇gu|2g, < ·, · >=< ·, · >g.And the following para-
graph holds the conservation.
4 Prior Estimate:Energy Estimate
The idea of the energy estimate used here is inspired by [Smith&Tataru].Let
F (u, v) =
1
2
[−e−2mvR˜ + e−2(m+1)vRg
−(m2 +m+ 2)e−2(m+1)v < ∇v,∇u > −m(3m+ 1)vtut](4.1)
In this section,consider the prior estimate of the following equation,
mutt − e−2(m+1)v△u = F (u, v) (4.2)
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when u = v,(4.2) becomes to (1.2).Here,suppose (M, g) be a closed Riemain-
nian manifold of m-dimension.I = [0, T ] is a interval of length T.And u, v ∈
Cs+1(M×I), s > m
2
+1.First estimate ‖me2(m+1)v∇l−1utt−△∇l−1u‖L2(M),here
1 ≤ l ≤ s.Then,by(4.2)
me2(m+1)v∇l−1utt −△∇l−1u
= [e2(m+1)v∇l−1F (u, v)] + [e2(m+1)v∇l−1(e−2(m+1)v△u)−∇l−1△u]
+[∇l−1△u−△∇l−1u]
= I + II + III (4.3)
In what follows,estimate I, II, III respectively.
‖I‖L2(M) ≤ CeC‖v‖C0(M)‖∇l−1[−e−2mvR˜ + e−2(m+1)vRg
−(m2 +m+ 2)e−2(m+1)v < ∇v,∇u > −m(3m+ 1)vtut]‖L2(M)
(4.4)
By Corollary 2.4 and Sobolev embedding theorem, Hs−1(M) →֒ C0(M) one
has,
‖∇l−1(e−2mvR˜)‖L2(M)
≤ ‖∇l−1[(e−2mv − 1)R˜]‖L2(M) + ‖∇l−1R˜‖L2(M)
≤ C(‖e−2mv − 1‖C0(M)‖R˜‖Hl−1(M) + ‖e−2mv − 1‖Hl−1(M)‖R˜‖C0(M))
+‖∇l−1R˜‖L2(M)
≤ C‖e−2mv − 1‖Hs−1(M)‖R˜‖Hs−1(M) + ‖∇l−1R˜‖L2(M)
≤ C‖e−2mw − 1‖Cs−1[−‖v‖
C0(M),‖v‖C0(M)]
(1 + ‖v‖s−1C0(M))‖v‖Hs−1(M)‖R˜‖Hs−1(M)
+‖∇l−1R˜‖L2(M)
≤ CeC‖v‖C0(M)(1 + ‖v‖Hs−1(M))‖R˜‖Hs−1(M)
≤ CeC‖v‖Hs−1(M)‖R˜‖Hs−1(M) (4.5)
Similar,
‖∇l−1(e−2(m+1)vRg)‖L2(M) ≤ CeC‖v‖Hs−1(M)‖Rg‖Hs−1(M) (4.6)
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Again,by Corollary 2.4 and sobolev embedding theorem,Hs−1(M) →֒ C0(M),
Hs(M) →֒ C1(M) one has,
‖∇l−1(e−2(m+1)v < ∇v,∇u >)‖L2(M)
= C‖∇l−1 < ∇(e−2(m+1)v − 1),∇u > ‖L2(M)
≤ C(‖e−2(m+1)v − 1‖C1(M)‖u‖Hl(M) + ‖e−2(m+1)v − 1‖Hl(M)‖u‖C1(M))
≤ C‖e−2(m+1)v − 1‖Hs(M)‖u‖Hs(M)
≤ Ce‖v‖Hs(M)‖u‖Hs(M) (4.7)
the last step is similar to (4.5).And
‖∇l−1(vtut)‖L2(M) ≤ C(‖vt‖Hl−1(M)‖ut‖C0(M) + ‖vt‖C0(M)‖ut‖Hl−1(M))
≤ C‖vt‖Hs−1(M)‖ut‖Hs−1(M) (4.8)
Conservation that,
As = ‖R˜‖Hs−1(M) + ‖Rg‖Hs−1(M) (4.9)
Then,by (4.4)-(4.9) and Hs−1(M) →֒ C0(M), one has,
‖I‖L2(M) ≤ CeC(‖v‖Hs(M)+‖vt‖Hs−1(M))(As + ‖u‖Hs(M) + ‖ut‖Hs−1(M)) (4.10)
For II,
‖II‖L2(M) = ‖e2(m+1)v∇l−1(e−2(m+1)v△u)−∇l−1△u‖L2(M)
= ‖e2(m+1)v
∑
i+j=l−1,i≥1
∇i(e−2(m+1)v)∇j△u‖L2(M)
≤ CeC‖v‖C0(M)
∑
i+j=l−1,i≥1
‖∇i(e−2(m+1)v − 1)∇j△u‖L2(M)
(4.11)
For fixed i, j, let,
p =
l − 1
i− 1 , q =
l − 1
j + 1
,
1
2p
+
1
2q
=
1
2
, (4.12)
Then,
1
2p
− i− 1
m
=
i− 1
l − 1(
1
2
− l − 1
m
),
1
2q
− j + 1
m
=
j + 1
l − 1 (
1
2
− l − 1
m
) (4.13)
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Using Ho¨lder inequality,Corollary 2.4,Remark 2.6 and Sobolev embedding
theorem,one obtains,
‖∇i(e−2(m+1)v − 1)∇j△u‖L2(M)
≤ ‖∇i(e−2(m+1)v − 1)‖L2p(M)‖∇j△u‖L2q(M)
≤ C‖∇i(e−2(m+1)v − 1)‖L2p(M)‖∇j+2u‖L2q(M)
≤ C‖e−2(m+1)v − 1‖
i−1
l−1
Hl(M)
‖e−2(m+1)v − 1‖
l−i
l−1
C1(M)‖u‖
j+1
l−1
Hl(M)
‖u‖
l−j−2
l−1
C1(M)
≤ C‖e−2(m+1)v − 1‖
i−1
l−1
Hs(M)‖e−2(m+1)v − 1‖
l−i
l−1
Hs(M)‖u‖
j+1
l−1
Hs(M)‖u‖
l−j−2
l−1
Hs(M)
≤ C‖e−2(m+1)v − 1‖Hs(M)‖u‖Hs(M)
≤ CeC‖v‖C0(M)‖v‖Hs(M)‖u‖Hs(M) (4.14)
Then,
‖II‖L2(M) ≤ CeC‖v‖C0(M)‖v‖Hs(M)‖u‖Hs(M) (4.15)
For III,denote Bi1···ik = ∇ik · · ·∇i1u, by the Ricci identity,
(∇p∇q −∇q∇p)Bi1···ik = −
k∑
t=1
m∑
n=1
RnpqitBi1···it−1nit+1···ik (4.16)
here,all index take values in {1, · · · , m},then direct computation gives,
∇j△Bi1···ik
= △∇jBi1···ik −
m∑
p,q,n=1
k∑
t=1
gpq∇pRnjqitBi1···it−1nit+1···ik
−
m∑
p,q,n=1
k∑
t=1
gpqRnjqit∇pBi1···it−1nit+1···ik −
m∑
p,q,n=1
k∑
t=1
gpqRnjpit∇qBi1···it−1nit+1ik
−
m∑
p,q,n=1
gpqRnjpq∇nBi1···ik (4.17)
From (4.17),one can obtain,if 0 ≤ k˜,
‖∇k˜(∇△B −△∇B)‖L2(M) ≤ C‖u‖Hk+k˜+1(M) (4.18)
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here, C is a positive constant depended only on manifold M ,then iterate
(4.18),one has,
‖∇△∇l−2u−△∇l−1u‖L2(M) ≤ C‖u‖Hl−1(M)
‖∇2△∇l−3u−∇△∇l−2u‖L2(M) ≤ C‖u‖Hl−1(M)
· · · · · ·
‖∇l−1△u−∇l−2△u‖L2(M) ≤ C‖u‖Hl−1(M) (4.19)
adding the left and right hand sides of (4.19),then one obtains
‖III‖L2(M) ≤ C‖u‖Hs(M) (4.20)
By (4.3)(4.9)(4.10)(4.15)(4.20) and Sobolev embedding theorem one obtains,
‖me2(m+1)v∇l−1utt −△∇l−1u‖L2(M)
≤ C1eC2(‖v‖Hs(M)+‖vt‖Hs−1(M))(As + ‖u‖Hs(M) + ‖ut‖Hs−1(M)) (4.21)
here,C1, C2 are positive constants depended on s,manifold M ,not depended
on R˜, u.
Then we do energy estimate.One can introduce the following energy func-
tions:
E
(l)
1 (t) =
1
2
∫
M
[|∇lu|2 +me2(m+1)v |∇l−1ut|2]dV (4.22)
E
(l)
2 (t) =
1
2
∫
M
[e−2(m+1)v |∇lu|2 +m|∇l−1ut|2]dV (4.23)
and let,
Es(t) =
s∑
l=1
(E
(l)
1 (t) + E
(l)
2 (t)) +
1
2
∫
M
|u|2dV (4.24)
Obvious,
‖u‖Hs(M) + ‖ut‖Hs−1(M) ≤ C(Es(t)) 12 (4.25)
To (4.22),take derivation respect to t,by (2.2) one has,
d
dt
E
(l)
1 (t) =
∫
M
[< ∇lut,∇lu > +m(m+ 1)e2(m+1)vvt|∇l−1ut|2
+me2(m+1)v < ∇l−1ut,∇l−1utt >]dV
≤ C‖vt‖C0(M)E(l)1 (t) +
∫
M
[< ∇lut,∇lu >
+ < ∇l−1ut, me2(m+1)v∇l−1utt >]dV (4.26)
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Since M is closed,
∫
M
div < ∇l−1ut,∇∇l−1u > dV = 0.This implies,∫
M
< ∇lut,∇lu > dV = −
∫
M
< ∇l−1ut,△∇l−1u > dV (4.27)
then,by (4.26),and Ho¨lder inequality,
d
dt
E
(l)
1 (t)
≤ C‖vt‖C0(M)E(l)1 (t) +
∫
M
< ∇l−1ut, me2(m+1)v∇l−1utt −△∇l−1u > dV
≤ C‖vt‖C0(M)E(l)1 (t) + ‖∇l−1ut‖L2(M)‖me2(m+1)v∇l−1utt −△∇l−1u‖L2(M)
≤ C‖vt‖C0(M)E(l)1 (t)
+CeC‖v‖C0(M)‖me2(m+1)v∇l−1utt −△∇l−1u‖L2(M)(E(l)1 (t))
1
2 (4.28)
Similar,
d
dt
E
(l)
2 (t)
=
∫
M
[−e−2(m+1)v(m+ 1)vt|∇lu|2+ < e−2(m+1)v∇lu,∇lut >
+ < ∇l−1ut, m∇l−1utt >]dV
≤ C‖vt‖C0(M)E(l)2 (t)
+
∫
M
[< ∇l−1ut, m∇l−1utt > − < ∇l−1ut, e−2(m+1)v△∇l−1u >]dV
+2(m+ 1)
∫
M
e−2(m+1)v <
m∑
i,j=1
gij∇iv∇j∇l−1u,∇l−1ut > dV
≤ C‖vt‖C0(M)E(l)2 (t) + ‖∇l−1ut‖L2(M)‖m∇l−1utt − e−2(m+1)v△∇l−1u‖L2(M)
+CeC‖v‖C0(M)‖
m∑
i,j=1
gij∇iv∇j∇l−1u‖L2(M)‖∇l−1ut‖L2(M)
≤ C‖vt‖C0(M)E(l)2 (t)
+CeC‖v‖C0(M)‖me2(m+1)v∇l−1utt −△∇l−1u‖L2(M)(E(l)2 (t))
1
2
+CeC‖v‖C0(M)‖∇v‖C0(M)‖∇lu‖L2(M)‖∇l−1ut‖L2(M)
≤ CeC‖v‖C0(M)(‖vt‖C0(M) + ‖∇v‖C0(M))E(l)2 (t)
+CeC‖v‖C0(M)‖me2(m+1)v∇l−1utt −△∇l−1u‖L2(M)(E(l)2 (t))
1
2 (4.29)
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Using (4.28)(4.29),one has
d
dt
Es(t) ≤ CeC‖v‖C0(M)(‖vt‖C0(M) + ‖∇v‖C0(M))Es(t)
+CeC‖v‖C0(M)
s∑
l=1
‖me2(m+1)v∇l−1utt −△∇l−1u‖L2(M)(Es(t)) 12
+
∫
M
uutdV (4.30)
By Ho¨lder inequality,
∫
M
uutdV ≤ CEs(t) (4.31)
then by (4.21)(4.25)(4.30)(4.31) and Sobolev embedding theorem,one obtains
d
dt
Es(t)
≤ CeC‖v‖C0(M)(1 + ‖vt‖C0(M) + ‖∇v‖C0(M))Es(t)
+CeC(‖v‖Hs(M)+‖vt‖Hs−1(M))(As + ‖u‖Hs(M) + ‖ut‖Hs−1(M))(Es(t)) 12
≤ CeC(‖v‖Hs(M)+‖vt‖Hs−1(M))(As + ‖u‖Hs(M) + ‖ut‖Hs−1(M) + (Es(t)) 12 )(Es(t)) 12
≤ CeC(‖v‖Hs(M)+‖vt‖Hs−1(M))(As + (Es(t)) 12 )(Es(t)) 12 (4.32)
Then obvious,
d
dt
(Es(t))
1
2 ≤ C1eC2(‖v‖Hs(M)+‖vt‖Hs−1(M))(As + (Es(t)) 12 ) (4.33)
here,C1, C2 related to manifold M and s.Then using (4.33),one has the fol-
lowing Proposition.
Proposition 4.1 Suppose (M, g) be m-dimensional closed Reimainnian
manifold,and I = [0, T ] be a interval of length T .Let u, v ∈ Cs+1(M × I),s >
m
2
+ 1,and u, v satisfy (4.2) then:
(i)If exist a positive constant D > 2
√
2[1 + (Es(0))
1
2 ].There is t0 > 0 which
is related to manifold M ,s, ‖R˜‖C0(I,Hs−1(M)), D, Es(0), such that
‖v‖Hs(M) + ‖vt‖Hs−1(M) ≤ D (4.34)
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held in 0 ≤ t ≤ t0 implies
‖u‖Hs(M) + ‖ut‖Hs−1(M) ≤ D (4.35)
held in 0 ≤ t ≤ t0
(ii)If u = v which means u satisfy (1.2),then exist t0, C˜ > 0 such that
‖u‖Hs(M) + ‖ut‖Hs−1(M) ≤ C˜ (4.36)
holds in 0 ≤ t ≤ t0.Here,t0, C˜ relates to manifoldM ,s, ‖R˜‖C0(I,Hs−1(M)), Es(0),
and C˜ also relates to t0.
Proof (i) Using (4.9) and (4.33),
d
dt
(Es(t))
1
2 ≤ C3eC2(‖v‖Hs(M)+‖vt‖Hs−1(M))(1 + (Es(t)) 12 ) (4.37)
here, C3 related to manifold M ,s,and extra ‖R˜‖C0(I,Hs−1(M)).Take t0, such
that
2
√
2[1 + (Es(0))
1
2 ]eC3e
C2Dt0 ≤ D (4.38)
Then in 0 ≤ t ≤ t0,
d
dt
(Es(t))
1
2 ≤ C3eC2D(1 + (Es(t)) 12 ) (4.39)
Integrate (4.39) one has,
(Es(t))
1
2 ≤ [1 + (Es(0)) 12 ]eC3eC2Dt ≤ D
2
√
2
(4.40)
This implies the result by (4.25).
(ii)Let v = u in (4.37),then
d
dt
(Es(t))
1
2 ≤ C3eC2(Es(t))
1
2 (4.41)
Integrate it,
e−C2(Es(t))
1
2 ≥ e−C2(Es(0))
1
2 − C3C2t (4.42)
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Hence,when t0 <
e−C2(Es(0))
1
2
C3C2
,one has,
(Es(t))
1
2 ≤ 1
C2
ln
1
e−C2(Es(0))
1
2 − C3C2t0
(4.43)
This gives what we want.
Proposition 4.2 Suppose (M, g) be m-dimensional closed Reimainnian
manifold,whose scalar curvature is zero,and I = [0, T ] be a interval of length
T .Let u, v ∈ Cs+1(M × I), s > m
2
+ 1. u, v satisfy (4.2),and u(x, 0) =
ut(x, 0) = 0 to any x ∈ M .Then to any given positive constant D,exist
constant ε > 0 which depends on manifold M, s,D, such that
‖v‖Hs(M) + ‖vt‖Hs−1(M) ≤ D (4.44)
held in I implies
‖u‖Hs(M) + ‖ut‖Hs−1(M) ≤ D (4.45)
held in I when ‖R˜‖Hs−1(M) ≤ ε.
Proof Take ε satisfying
εeC1e
C2DT ≤ D
2
√
2
(4.46)
here,C1, C2 are constant of (4.33).Since Rg = 0,As = ‖R˜‖Hs−1(M), so by (4.33)
and (4.44),
d
dt
(Es(t))
1
2 ≤ C1eC2D(ε+ (Es(t)) 12 ) (4.47)
Integrate (4.47)
(Es(t))
1
2 ≤ εeC1eC2DT ≤ D
2
√
2
(4.48)
and using (4.25),then one gets the result.
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5 Linear Equation
In this section we consider the linear equation (1.3) on the condition:
u(x, 0) = ϕ(x), ut(x, 0) = ψ(x) (5.1)
here, (M, g) the m-dimensional closed Reimainnian manifold, I = [0, T ] in-
terval of length T ,and a, α, β, γ, f ∈ C∞(M × I), ϕ, ψ ∈ C∞(M), and exist
positive constant L,such that 1
L
≤ α ≤ L.In what follows, we discuss the
existence and property of the solution.If M is a domain of Rn, then the fol-
lowing results are classical in linear hyperbolic equation(c.f.[Ho¨mander] and
[Xin]).We follow their method. First,give some prior estimates. Multiple ut
in (1.3),and integrate on M .Since M is closed, one has,
1
2
d
dt
(‖ut‖2L2(M) +
∫
M
α|∇u|2dV )
≤ ‖f‖L2(M)‖ut‖L2(M) −
∫
M
ut < ∇(α− β),∇u > dV + C
∫
M
|∇u|2dV
+C‖u‖L2(M)‖ut‖L2(M) + C‖ut‖2L2(M) (5.2)
Using,
‖u‖2L2(M) ≤
∫ t
0
‖ut‖2L2(M)dτ + ‖ϕ‖2L2(M) (5.3)
one has,
‖ut‖2L2(M) + ‖∇u‖2L2(M)
≤ C[‖ϕ‖2H1(M) + ‖ψ‖2L2(M) +
∫ t
0
(‖ut‖2L2(M) + ‖∇u‖2L2(M) + ‖f‖2L2(M))dτ ]
(5.4)
Integrate it,one has
‖ut‖2L2(M) + ‖∇u‖2L2(M) ≤ C[‖ϕ‖2H1(M) + ‖ψ‖2L2(M) +
∫ t
0
‖f‖2L2(M)dτ ]
(5.5)
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Multiple −△ut in (1.3),integrate onM ,and using (5.3)(5.5)W k,p estimate of
elliptic equation,one has,
‖∇ut‖2L2(M) +
1
L
‖△u‖2L2(M) + 2
∫
M
(△u)fdV
≤ C[‖ϕ‖2H2(M) + ‖ψ‖2H1(M) + ‖f(0)‖2L2(M) +
∫ t
0
(‖ft‖2L2(M) + ‖f‖2L2(M)
+‖△u‖2L2(M) + ‖∇ut‖2L2(M))dτ ] (5.6)
Using the inequality 2
∫
M
(△u)f ≤ 1
2L
‖△u‖2L2(M) + C‖f‖2L2(M) and,
‖f(t)‖2L2(M) ≤
∫ t
0
‖ft(τ)‖2L2(M)dτ + ‖f(0)‖2L2(M) (5.7)
One has,
‖∇ut‖2L2(M) + ‖△u‖2L2(M)
≤ C[‖ϕ‖2H2(M) + ‖ψ‖2H1(M) + ‖f(0)‖2L2(M) +
∫ t
0
(‖ft‖2L2(M) + ‖△u‖2L2(M)
+‖∇ut‖2L2(M))dτ ] (5.8)
Integrate it,
‖∇ut‖2L2(M) + ‖△u‖2L2(M) ≤ C[‖ϕ‖2H2(M) + ‖ψ‖2H1(M) + ‖f(0)‖2L2(M)
+
∫ t
0
‖ft‖2L2(M)dτ ] (5.9)
Take derivation to t in (1.3),and multiple utt in it,integrate on M ,using
(5.3)(5.5)(5.7) one has,
‖utt‖2L2(M) + ‖∇ut‖2L2(M) ≤ C[‖ϕ‖2H2(M) + ‖ψ‖2H1(M) + ‖f(0)‖2L2(M)
+
∫ t
0
(‖ft‖2L2(M) + ‖△u‖2L2(M))dτ ] (5.10)
Using (5.3)(5.5)(5.9)(5.10),one has
2∑
i=0
‖u‖W i,∞(I,H2−i(M)) ≤ C[‖ϕ‖2H2(M) + ‖ψ‖2H1(M) + ‖f(0)‖2L2(M)
+
∫ T
0
‖ft‖2L2(M)dτ ] (5.11)
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Here, C is a constant depended only on manifold M,L, T, a, α, β, γ.
Then,use the Faedo-Galerkin method to give the existence of (1.3).Let
λ0, λ1, · · · be eginvalues of laplace operator on Reimainnian manifold M ,and
wi be corresponded eginvectors,namely △wi + λiwi = 0,i ∈ {0, 1, · · · }.By
Chapter 3 p87 of [Schoen&Yau],one knows that wi which are smooth func-
tions on M are complete standard orthonormal basis of L2(M) and also are
complete orthogonal basis of H1(M),and λ ≥ 0.Then we give approximate
sequence un(x, t) =
∑n
i=0 ηi(t)wi(x).In what follows,we denote (, ) the inner
product of L2(M).Consider
((un)tt, wj) + (a(un)t, wj)− (α△un+ < ∇β,∇un > +γun, wj)
= (f, wj), 0 ≤ j ≤ n (5.12)
By the expenssion of un,
η′′j (t) +
n∑
i=0
(awi, wj)η
′
i +
n∑
i=0
(αλiwi− < ∇β,∇wi > −γwi, wj)ηi
= fj := (f, wj), 0 ≤ j ≤ n (5.13)
and on the condition,
ηj(0) = ϕj := (ϕ,wj), η
′
j(0) = ψj := (ψ,wj) (5.14)
This means
un(0) =
n∑
i=0
ηi(0)wi =
n∑
i=0
ϕiwi, u
′
n(0) =
n∑
i=0
ψiwi (5.15)
So,let Aij(t) = (αλiwi− < ∇β,∇wi > −γwi, wj), Bij(t) = (awi, wj), then
(5.13)(5.14) give a linear ordinary differential system with initial data.By
the theory of ordinary differential equation.(5.13)(5.14) have a unique smooth
solution (η0, · · · , ηn).
Obvious, un(0) −→ ϕ in L2(M),u′n(0) −→ ψ in L2(M).Then using the
closeness of M ,
‖ϕ‖2H1(M) = (ϕ−△ϕ, ϕ) =
∞∑
i=0
(1 + λi)|ϕi|2 < +∞ (5.16)
This implies un(0) −→ ϕ in H1(M).Similar u′n(0) −→ ψ in H1(M).And
‖ϕ‖2H2(M) =
∞∑
i=0
(1 + λi)|ϕi|2 +
∫
M
< −△∇ϕ,∇ϕ > dV (5.17)
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By the Ricci identity,∫
M
< −△∇ϕ,∇ϕ > dV =
∫
M
[< −∇△ϕ,∇ϕ >
−
m∑
i,j,p,q=1
gijgpqRip∇jϕ∇qϕ]dV
≥ (△2ϕ, ϕ)− C‖ϕ‖2H1(M) (5.18)
Hence,
∑∞
i=0(1 + λi + λ
2
i )|ϕ|2 ≤ C‖ϕ‖2H2(M).And,similar
‖un(0)− ϕ‖2H2(M) ≤
∞∑
i=n+1
(1 + λi + λ
2
i )|ϕi|2 + C‖un(0)− ϕ‖2H1(M) −→ 0
(5.19)
when n −→ ∞.Then un(0) −→ ϕ in H2(M). In (5.12),multiple η′j ,and sum
up j from 0 to n;multiple λjη
′
j , and sum up j from 0 to n;take derivation to
t then multiple η′′j and sum up j from 0 to n,similar to (5.11) one obtains,
2∑
i=0
‖un‖W i,∞(I,H2−i(M)) ≤ C[‖ϕ‖2H2(M) + ‖ψ‖2H1(M) + ‖f(0)‖2L2(M)
+
∫ T
0
‖ft‖2L2(M)dτ ] (5.20)
This means un are uniformly bounded in
⋂2
i=0W
i,∞(I,H2−i(M)).So exist
some u ∈ ⋂2i=0W i,∞(I,H2−i(M)), and un −→ u weakly star in L∞(I,H2(M));
(un)t −→ ut weakly star in L∞(I,H1(M)); (un)tt −→ utt weakly star in
L∞(I, L2(M)). This means ((un)tt, wj)+(a(un)t, wj)−(α△un+ < ∇β,∇un >
+γun, wj) −→ ((u)tt, wj) + (aut, wj)− (α△u+ < ∇β,∇u > +γu, wj) weakly
star in L∞[0, T ].Hence u is the solution of (1.3).And by Lemma 2.7,u satisfies
(5.1).So one has
Lemma 5.1 Suppose f ∈ W 1,∞(I, L2(M)), a, α, β, γ ∈ C∞(M ×I), ϕ, ψ ∈
C∞(M),then there is a unique solution of (1.3)(5.1) in
⋂2
i=0W
i,∞(I,H2−i(M))
and it has prior estimate (5.11). Here, (M, g) is a m-dimensional closed
Riemainnian manifold, I = [0, T ] is a interval of length T .
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In what follows,we discuss the regularity of the solution of (1.3).This
comes from the following Lemma.
Lemma 5.2 The hypothesis ofM, I are same to the above Lemma.And let
∀N ∈ N, N ≥ 2,a, α, β, γ ∈ C∞(M × I), ϕ, ψ ∈ C∞(M), f ∈ ⋂N−1i=1 W i,∞(I,
HN−1−i(M)),then the solution of (1.3)(5.1) u ∈ ⋂Ni=0W i,∞(I,HN−i(M)),and
u satisfy the following inequality:
N∑
i=0
‖∂itu‖2HN−i(M) ≤ CN(‖ϕ‖2HN (M) + ‖ψ‖2HN−1(M) + ‖f(0)‖2HN−2(M)
+
∫ t
0
N−1∑
i=1
‖∂itf‖2HN−i−1(M)dτ) (5.21)
here,CN depends only on N and manifold M,L, T, a, α, β, γ.
Proof We use induction to prove this Lemma.When N = 2,this is the
result of Lemma 5.1.Then one suppose this is true of case N ,and consider
the Lemma of case N+1.Take derivation to t in (1.3),and denote v = ut,then
vtt + avt − (α△v+ < ∇β,∇v > +γv)
= ft − atv + αt△(ϕ+
∫ t
0
vdτ)+ < ∇βt,∇(ϕ+
∫ t
0
vdτ) >
+γt(ϕ+
∫ t
0
vdτ) (5.22)
Introduce the following approximate sequence {vq}∞q=0,
(vq+1)tt + a(vq+1)t − (α△vq+1+ < ∇β,∇vq+1 > +γvq+1)
= ft − atvq + αt△(ϕ+
∫ t
0
vqdτ)+ < ∇βt,∇(ϕ+
∫ t
0
vqdτ) >
+γt(ϕ+
∫ t
0
vqdτ) (5.23)
on the condition that v0 = 0, vq+1(x, 0) = ψ(x), v
′
q+1(x, 0) = f(x, 0) −
a(x, 0)ψ(x)+α(x, 0)△ϕ(x) + < ∇β(x, 0),∇ϕ(x) > +γ(x, 0)ϕ(x).Then using
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(5.21)(5.23),one has
N∑
i=0
‖∂it(vq+1 − vq)‖2HN−i(M)
≤ CN
∫ t
0
N−1∑
i=1
‖∂it [−at(vq − vq−1) + αt△
∫ t
0
(vq − vq−1)dτ ′
+ < ∇βt,∇
∫ t
0
(vq − vq−1)dτ ′ > +γt
∫ t
0
(vq − vq−1)dτ ′]‖2HN−i−1(M)dτ
(5.24)
Since,when i ≥ 1, q ≥ 2,
‖∂it [αt△
∫ t
0
(vq − vq−1)dτ ′]‖2HN−i−1(M)
≤
i∑
j=0
‖∂jt
∫ t
0
(vq − vq−1)dτ ′]‖2HN−i+1(M)
≤
i∑
j=0
∫ t
0
· · ·
∫ t
0︸ ︷︷ ︸
i−j
‖∂it
∫ t
0
(vq − vq−1)dτ ′]‖2HN−i+1(M)dτ1 · · ·dτi−j
≤ CN
∫ t
0
‖∂i−1t (vq − vq−1)‖2HN−i+1(M)dτ (5.25)
Similar estimate is right to the other three terms of (5.24).Then using (5.24)(5.25),
one has,
N∑
i=0
‖∂it(vq+1 − vq)‖2HN−i(M) ≤ CN
∫ t
0
N−1∑
i=0
‖∂it(vq − vq−1)‖2HN−i(M)(5.26)
Denote hq+1 =
∑N−1
i=0 ‖∂it(vq+1−vq)‖2HN−i(M),the above equation gives hq+1(t)
≤ CN
∫ t
0
hq(t)dτ ,and denote C(T ) = ‖h2‖L∞[0,T ].Then by iteration,one can
obtain hq+1(t) ≤ C(T ) (CN t)
q−1
(q−1)!
.This implies:
N∑
i=0
‖∂it(vq+1 − vq)‖2HN−i(M) ≤ C(T )
(CNt)
q−1
(q − 1)! (5.27)
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Then,{vq}∞q=0 convergence to some v in
⋂N
i=0W
i,∞(I,HN−i(M)),and v sat-
isfy (5.22) with the condition v(0) = ψ, v′(0) = f(0)− a(0)ψ + α(0)△ϕ+ <
∇β(0),∇ϕ > +γ(0)ϕ.Hence,u ∈ ⋂Ni=0W i+1,∞(I,HN−i(M)).By the W k,p es-
timate of elliptic equation,and (1.3), one has u ∈ ⋂N+1i=0 W i,∞(I,HN+1−i(M)),
and v satisfies,
N∑
i=0
‖∂itv‖2HN−i(M)
≤ CN [‖ϕ‖2HN+1(M) + ‖ψ‖2HN (M) + ‖f(0)‖2HN−1(M) +
∫ t
0
N−1∑
i=1
‖∂itft‖2HN−i−1(M)dτ
+
∫ t
0
N−1∑
i=1
i∑
j=0
(‖∂jt v‖2HN−i−1(M) + ‖∂jt (ϕ+
∫ t
0
vdτ ′)‖2HN−i+1(M))dτ ]
≤ CN [‖ϕ‖2HN+1(M) + ‖ψ‖2HN (M) + ‖f(0)‖2HN−1(M) +
∫ t
0
N∑
i=2
‖∂itf‖2HN−i(M)dτ
+
∫ t
0
N−1∑
i=0
‖∂itv‖2HN−i(M)dτ ] (5.28)
Integrate it,and v = ut, one has,
N∑
i=0
‖∂i+1t u‖2HN−i(M) ≤ CN [‖ϕ‖2HN+1(M) + ‖ψ‖2HN (M) + ‖f(0)‖2HN−1(M)
+
∫ t
0
N∑
i=1
‖∂itf‖2HN−i(M)dτ ] (5.29)
and,
‖f‖2HN−1(M) ≤
∫ t
0
‖ft‖2HN−1(M)dτ + ‖f(0)‖2HN−1(M) (5.30)
Using (1.3),the W k,p estimate of elliptic equation,(5.29)(5.30),one can ob-
tains the inequality (5.21) in the case of N + 1.This complete the proof.
Proposition 5.3 The hypothesis of M, I as above.Suppose f, a, α, β, γ ∈
C∞(M × I), ϕ, ψ ∈ C∞(M).Then (1.3)(5.1) have a unique smooth solution
and it satisfies (5.21).
Proof It is obvious from Lemma 5.1 and 5.2.
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6 Solution of Equation in Some Cases
The idea of this section can be found in [Ho¨mander],[John],[Klainerman].
Suppose (M, g) be m-dimensional closed Riemainnian manifold,I = [0, T ] is
a interval of length T .By Proposition 5.3,one can introduce the Picard iterate
sequence {un}+∞n=1 as follows,
m(un+1)tt − e−2(m+1)un△un+1 = F (un+1, un) (6.1)
with the condition un+1(x, 0) = ϕ(x), (un+1)t(x, 0) = ψ(x), ϕ, ψ ∈ C∞(M), u1
= 0.Here, F is according to (4.1).Let s > m
2
+ 1,and we suppose that exist
T˜ ≤ T such that in [0, T˜ ],exist positive constant D satisfying,to any n,
‖un‖Hs+1(M) + ‖(un)t‖Hs(M) ≤ D (6.2)
Let
G(u, v) = [1− e2(m+1)(u−v)](Rg + 2△u)− (m2 +m+ 2)[< ∇(u− v),∇u >
+(1− e2(m+1)(u−v)) < ∇v,∇u >]−m(3m+ 1)e2(m+1)uut(u− v)t
(6.3)
Then,
m(un+1 − un)tt − e−2(m+1)un△(un+1 − un)
= F (un+1, un)− F (un, un−1) + (e−2(m+1)un − e−2(m+1)un−1)△un
=
1
2
{−e−2mun(1− e2m(un−un−1))R˜ + e−2(m+1)unG(un, un−1)
−(m2 +m+ 2)e−2(m+1)un < ∇un,∇(un+1 − un) >
−m(3m+ 1)(un)t(un+1 − un)t} (6.4)
with the condition that (un+1 − un)(x, 0) = (un+1 − un)t(x, 0) = 0.So,we re-
place u, v, R˜, Rg by un+1−un, un, (1−e2m(un−un−1))R˜, G(un, un−1) respectively
in (4.1),using (4.9),one has,
As = ‖(1− e2m(un−un−1))R˜‖Hs−1(M) + ‖G(un, un−1)‖Hs−1(M) (6.5)
and using (6.2),and Corollary 2.4,and Sobolev embedding theorems,
‖(1− e2m(un−un−1))R˜‖Hs−1(M)
≤ C‖1− e2m(un−un−1)‖Hs−1(M)‖R˜‖Hs−1(M)
≤ CeC‖un−un−1‖Hs−1(M)‖un − un−1‖Hs−1(M)‖R˜‖Hs−1(M)
≤ CeCD‖un − un−1‖Hs−1(M)‖R˜‖Hs−1(M) (6.6)
28
and similar,
‖G(un, un−1)‖Hs−1(M)
≤ CeCD‖un − un−1‖Hs−1(M)(‖Rg‖Hs−1(M) +D) + CD‖un − un−1‖Hs(M)
+CeCD‖un − un−1‖Hs−1(M)D2 + CD(1 + eCD)‖(un − un−1)t‖Hs−1(M)
(6.7)
Then,By (6.5)-(6.7),
As ≤ CeCD(D + ‖R˜‖Hs−1(M) + ‖Rg‖Hs−1(M))
×(‖un − un−1‖Hs(M) + ‖(un − un−1)t‖Hs−1(M)) (6.8)
Then,using (4.33) and (6.2),
d(Es(t))
1
2
dt
≤ CeCD(As + (Es(t)) 12 ) (6.9)
here,do correspond replacement which is stated above in Es(t).Then,integrate
(6.9),and using (6.8),one obtains
‖un − un−1‖Hs(M) + ‖(un − un−1)t‖Hs−1(M)
≤ C4eC5eC6DT (D + ‖R˜‖C0(I,Hs−1(M)) + ‖Rg‖Hs−1(M))
×
∫ t
0
(‖un − un−1‖Hs(M) + ‖(un − un−1)t‖Hs−1(M)) (6.10)
here, C4, C5, C6 only relates to manifold M and s.
Proposition 6.1 Suppose (M, g) be m-dimensional closed Riemainnian
manifold, I = [0, T ] be a interval of length T , and R˜ ∈ C∞(M × I).To
any integer k ≥ 2,exist 0 < t0 ≤ T ,such that equation (1.2) has a solution
u ∈ Ck(M × [0, t0]),and it satisfies u(x, 0) = ϕ(x), ut(x, 0) = ψ(x).Here,
ϕ(x), ψ(x) ∈ C∞(M) are two prescribed functions.And t0 relates to manifold
M, k, R˜, ϕ, ψ.
Proof Take s = [m
2
+k+1] (i.e.the biggest integer not bigger than m
2
+k+1
),then Hs(M) →֒ Ck(M). By Proposition 4.1(i),to any given ϕ, ψ,take D to
satisfies
D > 2
√
2[1 + (
s+1∑
l=1
1
2
∫
M
[|∇lϕ|2 +me2(m+1)ϕ|∇l−1ψ|2 + e−2(m+1)ϕ|∇lϕ|2
+m|∇l−1ψ|2]dV + 1
2
∫
M
|ϕ|2dV ) 12 ] (6.11)
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then exist t1,in [0, t1],(4.34) implies (4.35).To {un}∞n=1 which is constructed
in (6.1), obvious D ≥ ‖u1‖Hs+1(M)+ ‖(u1)t‖Hs(M) = 0,so by iteration,one has
(6.2).Then take t0 ≤ t1 small enough such that,
C4e
C5eC6DT (D + ‖R˜‖Hs−1(M) + ‖Rg‖Hs−1(M))t0 < 1 (6.12)
C4, C5, C6 are constants in (6.10).Then using (6.10),
‖un − un−1‖C0([0,t0],Hs(M)) + ‖(un − un−1)t‖C0([0,t0],Hs−1(M))
≤ C4eC5eC6DT (D + ‖R˜‖C0(I,Hs−1(M)) + ‖Rg‖Hs−1(M))t0
×(‖un − un−1‖C0([0,t0],Hs(M)) + ‖(un − un−1)t‖C0([0,t0],Hs−1(M)))
(6.13)
This implies {un}+∞n=1 and {(un)t}+∞n=1 are convergence to some u, ut in C0([0, t0],
Hs(M)),C0([0, t0], H
s−1(M)) respectively. Obvious un −→ u in C0([0, t0],
Ck(M))
⋂
C1([0, t0], C
k−1(M)).By equation (6.1) (un)tt −→ utt in C0([0, t0],
Ck−2(M)).Then u ∈ C2([0, t0], Ck−2(M)) and u satisfies equation (1.2).Take
derivation to t of first order,one can finds u ∈ C3([0, t0], Ck−3(M)).Then it-
erate this step shows the result holds.
Proposition 6.2 Suppose (M, g) be m-dimensional closed Riemainnian
manifold which is scalar curvature flat Rg = 0.And I = [0, T ] be a in-
terval of length T , and R˜ ∈ C∞(M × I).To any integer k ≥ 2,exist ε >
0,such that equation (1.2) has a solution u ∈ Ck(M × I),and it satisfies
u(x, 0) = 0, ut(x, 0) = 0 when ‖R˜‖H[m2 +k](M) ≤ ε.Here, ε only relates to man-
ifold M, k, I.
Proof Similar to Proposition 6.1,take s = [m
2
+ k + 1],then Hs(M) →֒
Ck(M).One can take D, ε small enough such that,
C4e
C5eC6DT (D + ε) < 1 (6.14)
C4, C5, C6 are constants in (6.10) and Proposition 4.2 holds. Then (4.44)
implies (4.45) and the construction of {un}+∞n=1 in (6.1),one finds (6.2).This
implies (6.10),namely,
‖un − un−1‖C0(I,Hs(M)) + ‖(un − un−1)t‖C0(I,Hs−1(M))
≤ C4eC5eC6DT (D + ε)(‖un − un−1‖C0(I,Hs(M))
+‖(un − un−1)t‖C0(I,Hs−1(M))) (6.15)
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Then, similar argument of Proposition 6.1 gives the result by (6.14)(6.15).
At the end we discuss the uniqueness of solution in the above two Propo-
sition.This is from the next result.
Proposition 6.3 Suppose (M, g) be m-dimensional closed Riemainnian
manifold, I = [0, T ] be a interval of length T , and R˜ ∈ C∞(M × I).Let 0 ≤
T˜ ≤ T .If equation (1.2) has a solution u ∈ Ck+2(M × [0, T˜ ]),and u satisfies
u(x, 0) = ϕ(x), ut(x, 0) = ψ(x),then the solution is unique. Here,ϕ(x), ψ(x) ∈
C∞(M) are two prescribed functions,and k > m
2
+ 1, k ∈ Z.
Proof Suppose u, v ∈ Ck+1(M × [0, T˜ ]) are two different solution of (1.2)
with the same initial data.So,exist tmin,0 < tmin < T˜ and in [0, tmin], u =
v,but u 6= v when t > tmin.Let u˜(x, t) = u(x, t + tmin), v˜(x, t) = v(x, t +
tmin),then u˜(x, 0) = v˜(x, 0), u˜t(x, 0) = v˜t(x, 0).And u˜, v˜ also satisfy (1.2),dif-
fer the corresponded equation,one has
(u˜− v˜)tt − e−2(m+1)u˜△(u˜− v˜)
=
1
2
{−e−2mu˜(1− e2m(u˜−v˜))R˜ + e−2(m+1)u˜H(u˜, v˜)
−(m2 +m+ 2)e−2(m+1)u˜ < ∇u˜,∇(u˜− v˜) > −m(3m+ 1)u˜t(u˜− v˜)t}
(6.16)
where,
H(u˜, v˜) = [1− e2(m+1)(u˜−v˜)](Rg + 2△v˜)− (m2 +m+ 2)[< ∇(u˜− v˜),∇v˜ >
+(1− e2(m+1)(u˜−v˜)) < ∇v˜,∇v˜ >]−m(3m+ 1)e2(m+1)u˜v˜t(u˜− v˜)t
(6.17)
Similar to (6.2)-(6.10) and using Proposition 4.1(ii),one obtains,
‖u˜− v˜‖Hk(M) + ‖(u˜− v˜)t‖Hk−1(M)
≤ C
∫ t
0
(‖u˜− v˜‖Hk(M) + ‖(u˜− v˜)t‖Hk−1(M))dτ (6.18)
holds in [0, t0],and t0 is small enough.Constant C and t0 relates to mani-
fold M, k, R˜, u˜(0), u˜t(0).(6.18) implies u = v when t0 more small such that
Ct0 < 1.This is a contradiction.So,tmin = T˜ .
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Proposition 6.1-6.3 imply Theorem 1.1 and 1.2.
At last,we suggest some questions which maybe is nature to ask:
(1)Replace I by S1 (i.e. the unit cycle),what is the sufficient and necessary
condition on which equation (1.2) exists solution ?
(2)On what condition,equation (1.2) exists solution on M × R1 ?
(3)How to solve this question of the higher dimension version,namely solve
equation (3.31) ?
(4)Can this question be generalized to a fiber bundle over a base manifold
M ? What is the corresponded equation ?
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